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The vertical distribution of roots in the soil is of central importance to the mass and energy exchange
between the land and the atmosphere. It has been demonstrated that the vertical root profiles which
maximize transpiration in numerical experiments reflect well the characteristics of root profiles observed
in nature for water-limited ecosystems. Previous research has demonstrated how the optimal vertical
root profile depends on both the mean annual precipitation (MAP) and the soil texture. Recently, in
the climate literature, it has been suggested Chou et al. (2012) [5] that increased greenhouse forcing in
the tropics can lead to a simultaneous decrease in the frequency and increase in the intensity of precip-
itation. In this paper we demonstrate how such a change in the statistical structure of rainfall, even with
no change to MAP, requires deeper root distributions to maintain optimal water use. These results raise
interesting questions for future studies of nutrient dynamics, the cost of additional below ground carbon
allocation, and inter plant functional type competition.

� 2014 Elsevier Ltd. All rights reserved.
1. Introduction

A plant’s growth, reproduction, and survival all depend on the
plant’s ability to absorb soil moisture through its root system
[17,18]. As root distributions are controlled by the survival strategy
of the plant, optimization concepts have been used to identify ideal
root distributions based on ecohydrological facets of the soil–
plant–atmosphere system [19]. In this paper we focus on water-
limited ecosystems and identify vertical root profiles that maxi-
mize transpiration in order to explore how potential shifts in the
temporal structure of rainfall might affect competition between
different rooting strategies, as well as how herbaceous plants
would need to adjust their root profile to remain optimal in its
access to water.

Knowledge of the active root layer is essential for the study of
water and nutrient dynamics as needed in atmospheric science,
hydrology, ecology, and geochemistry (e.g. Bhattachan et al. [2]).
There are several factors that influence root depths and distribu-
tions. For example, Schenk and Jackson found a positive correlation
between rooting depths and annual potential evapotranspiration
(PET), mean annual precipitation (MAP), and length of the warm
season [28]. In particular, Schenk and Jackson were able to use
MAP to explain 62% of the observed variance in median rooting
depths for herbaceous plants in water-limited ecosystems [29].

It has also been shown that root distributions [12] and absolute
root depths [3] vary by vegetation type. As mentioned above,
Schenk and Jackson found a positive correlation between MAP
and median root distributions for herbaceous plants [28,29], how-
ever, Bhattachan et al. showed that this correlation may not apply
to woody root distributions [2].

The primary role of roots is soil water extraction to support
transpiration at the leaf surface as occurs during photosynthesis.
Therefore, one can think of the optimal root system as one which
best supports photosynthesis.

Kleidon and Heimann [14] estimated optimal root depths by
maximizing the carbon gain to the vegetation within a global
Terrestrial Biosphere Model. Schwinning and Ehleringer explored
potential trade-offs in water uptake and carbon cost by developing
a simple model of plant water transport and carbon gain in a
two-layered soil environment [30]. Similarly, Guswa provided a
cost-benefit analysis of root structures [10,11], where the optimal
root depth was balanced by the carbon cost of forming the root
structure.

In the case of water-limited ecosystems total transpiration is a
useful optimization target. Transpiration optimality was first used
to predict root characteristics in [25], where Protopapas and Bras
identified root profiles that maximize transpiration in a maize crop
in Flevoland (Netherlands). They used a transient soil moisture
model to examine inter-storm dynamics (i.e. extended drought
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Table 1
Description of model variables and parameters.

Variable Description

z Vertical distance (positive up) [cm]
t Time [d]
w Matric Potential [cm]
h Volumetric water content [cm 3/cm 3]
K Hydraulic conductivity [cm/d]
S Root sink term ½d�1�
r Precipitation rate [cm/d]
E Evaporation [cm/d]
T Total transpiration
q Root density [1/cm]
c Root efficiency term
PET Potential evapotranspiration [cm/d]
PE Potential evaporation [cm/d]
PT Potential transpiration [cm/d]
LAI Leaf area index ½m2=m2�
hr Residual water content ½cm3=cm3�
hs Saturated water content ½cm3=cm3�
a Fitting parameter ½cm�1�
n Fitting parameter (dimensionless)
m Fitting parameter (dimensionless)
ks Saturated soil conductivity [cm/d]
‘ Fitting parameter (dimensionless)

Table 2
Soil specific parameters used in (2) and (4).

Sandy loam Sandy clay loam

hs .41 .39
hr .065 .1
a �:075 �:059
n 1.89 1.49
m 1� n 1� n
‘ .5 .5
ks 106.1 31.44
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period). A similar approach was taken in [6], where Collins and
Bras explored the effects of soil texture and rainfall seasonality
on rooting depths. van Wijk employed this approach and demon-
strated that observed patterns of rooting characteristics of
herbaceous plant species could be explained using the concept of
hydrological optimality for arid climates [37]. In [16] Laio et al.
used an analytical model of soil moisture to link vertical root
distributions to climate and soil properties. Specifically, they
investigated the dependency of the optimal average root depth
on average daily rainfall and potential transpiration (PT) for
various soil types. Sivandran and Bras also used optimal transpira-
tion to investigate the relationship between soil type and optimal
root profiles in [32]. In their analysis they used a stochastic rainfall
model to generate rainfall data for a single climate.

Recent analysis of the climate system [5] has suggested that
increased greenhouse forcing can lead to mechanistic changes in
precipitation frequency and intensity. In fact, there is a likely ten-
dency towards decreased frequency and increasing intensity in the
tropics [5]. This raises the question of how root profiles may need
to adapt to simultaneous changes in storm depth and frequency.
ith this as motivation we depart from the approach in previous
efforts (e.g. [6,16,25,32,37]) and we focus on how changes to the
statistical structure of rainfall would affect the ‘‘optimal root pro-
files.’’ We use Richards’ equation to model soil moisture forced
by seasonally varying potential evapotranspiration (PET), leaf area
index (LAI), and rainfall statistics. As this work focuses on water-
limited ecosystems, we use transpiration as a proxy for carbon gain
(e.g. [39]) and we do not consider possible effects of nutrient
limitation [20]. We also assume in our analysis that there is no
plant interaction with the water table.

For each climate type and trial root profile, Richards equation
is solved using a new constrained integration (CINT) partial
differential equation (PDE) solution method. The CINT method is
similar to pseudo-spectral solution methods; in this method tradi-
tional Galerkin methods are combined with a modified constrained
backpropagation (CPROP) [9,22] algorithm in which radial basis
functions (RBFs) are used to enforce the boundary conditions.

This paper is organized as follows: Section 2 gives a mathemat-
ical description of the governing equations used in the model.
Section 3 describes the climate and soil types used in the mathe-
matical simulations. The results of the simulations are given in
Section 4, followed by a brief discussion in Section 5.

2. Model description

We model the transient state of soil moisture that is driven at
the surface by rain and evaporative demand. In this model, roots
compete for moisture with evaporative effects near the soil surface
and with gravity drainage at lower depths. It is assumed that inter-
ception is negligible, though the consideration of interception
would not change the analyses, rather it would effect the rainfall
distribution as described in [27]. It is also assumed that rainfall
rates in excess of the maximum infiltration rate are lost as runoff.
Additionally, we consider only vertical water fluxes and assume
that the root zone does not interact directly with the water table
below. The variables and parameters used in the model are sum-
marized in Table 1.

Soil moisture within the vadose zone was modeled using Rich-
ards’ equation [4]:

@h
@t
ðz; tÞ ¼ @

@z
K½wðz; tÞ� @w

@z
ðz; tÞ þ 1

� �� �
� Sðz; tÞ: ð1Þ

The soil moisture, hðz; tÞ, and matric potential, wðz; tÞ, states are
related here by van Genuchten’s formula [34],

hðwÞ ¼ hr þ ðhs � hrÞSeðwÞ; ð2Þ
where

SeðwÞ ¼ ½1þ ðawÞn��m
: ð3Þ

The hydraulic conductivity, K, was approximated using Mualem’s
formula [21],

KðwÞ ¼ ksS
‘
eðwÞ 1� 1� S1=m

e ðwÞ
� �mh i2

: ð4Þ

The values used for the soil parameters pertaining to the soil types
used are shown in Table 2.

The sink term, Sðz; tÞ, is the rate at which moisture is extracted
from the soil by the root system at time t and depth z, and is
described by

S ¼ cðwÞqðzÞPT; ð5Þ

where cðwÞ, shown in Fig. 1, is the root efficiency term given by van
Genuchten [36]

cðwÞ ¼ 1
1þ ðw=w50Þ

p : ð6Þ

In the above equation, w50 is the soil–water pressure head at which
the extraction rate is reduced by 50%, and in the work presented in
this paper was given the value of 50 cm, similar to values reported
in [38]. The parameter p is commonly assumed to have a value of 3
(dimensionless) [35].

PET is partitioned into potential evaporation, PE, and potential
transpiration, PT [26],

PE ¼ PETðe�rLAIÞ ð7Þ

PT ¼ PETð1� e�rLAIÞ; ð8Þ



Fig. 2. Seasonal structure of LAI as a function of t [24].

Fig. 3. Example root density profile, qðzÞ, with D50 ¼ �100 and D95 ¼ �200.
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where r ¼ :4 [6]. Seasonal LAI, with values similar to those reported
in [13,24], was represented by,

LAIðtÞ ¼ 1þ tanhð3 cosð2pt=365ÞÞ: ð9Þ

A plot of (9) is shown in Fig. 2. We also assume seasonal PET, with a
peak daily total of 5 mm/d during the wet/growing season and
1.25 mm/d during the dry season [33]. This is represented by

PETðtÞ ¼ :5p½3=8ð1þ cosð2pt=365ÞÞ þ :25� �maxfsinð2ptÞ;0g:
ð10Þ

We use an analytical function of shape for the root density,
given by

qðzÞ ¼ cðz=D50Þc�1

D50 1þ ðz=D50Þc
� 	2 ; ð11Þ

where c is defined as

c ¼ 2:94
lnðD50=D95Þ

: ð12Þ

D50 and D95 are parameters that determine the shape of qðzÞ. D50

determines the depth at which the bulk of the root density is
located; specifically, it is the depth above which 50% of the root is
located. The parameter D95 is associated with absolute rooting
depths, and is the depth above which 95% of the root is located. This
density function is the derivative of the cumulative density function
proposed by Schenk and Jackson [28] and has been widely used to
describe root distributions of herbaceous plants [6,37]. An example
density is shown in Fig. 3 for D50 ¼ �100 [cm] and D95 ¼ �200 [cm].

Since previous efforts have focused on the impact of changes
In MAP on the rooting depth, in this work study how, for fixed
MAP, varying storm frequency and intensity affect the optimal
root profile. We focus on relative changes in root distribution
rather than absolute rooting depth, and so, it was assumed that
D95 ¼ �200 [cm] in order to simplify the analysis. The parameter
D50 was allowed to vary to maximize the total transpiration,

T ¼
Z 10�365

0

Z 0

�400
Sðz; tÞ dz dt: ð13Þ

A 10 year period was chosen as the time frame for each simula-
tion, as this was deemed suitable to sample well the statistical
structure of rainfall and also ensure a duration long enough to be
meaningful for plant competition.

The boundary condition at the surface (z ¼ 0) is given as a
specified flux (Neumann condition) [4] using Darcy’s law

rðtÞ � E½wð0; tÞ� ¼ KðwÞ @w
@z
þ 1


 �����
z¼0
; ð14Þ
Fig. 1. Root efficiency, cðwÞ, as a function of matric potential, w.
where rðtÞ is the rainfall rate and E½wð0; tÞ� is the soil evaporation
rate given by

E ¼ b½Seðwð0; tÞÞ�PE: ð15Þ

In the above equation, PE is the potential evaporation specified by
(8) and b½Seðwð0; tÞÞ� is a function that describes the effect of water
stress on soil evaporation. The water stress function ranges from 0
to 1, and in this study is assumed to have the form

b½Seðwð0; tÞÞ� ¼
1
2

1þ tanh c2Sc3
e �

c1

Se


 �� �
z¼0
; ð16Þ

where c1; c2, and c3 are positive constants. A plot of b½Seðwð0; tÞÞ� is
shown in Fig. 4. Note that this function’s output is similar to
piecewise functions commonly used (see [6,37]), however is
differentiable everywhere.

We seek to examine modest perturbations in key features of a
climate’s precipitation structure. A two parameter stochastic
rainfall generator was used to obtain the rainfall time series used
in these simulations. With this generator, precipitation is repre-
sented as a Marked Poisson process with mean storm frequency,
k� ½d�1�, and mean storm depth a� [mm] [7,8,10,27].

The boundary condition at the bottom of the soil profile, taken
to be at z ¼ �400 cm, is given by drainage under gravity (e.g. [1])
and was implemented by enforcing

@w
@z

����
z¼�400

¼ 0: ð17Þ

Richards’ equation (1) was solved using the CINT method [15].
The CINT method is similar to pseudo-spectral solution methods;
in this method traditional Galerkin methods are combined with a
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modified CPROP algorithm [9,22], in which RBFs are used to
enforce the boundary conditions. The CINT method was chosen
because it has been shown to be faster and more accurate than
the finite element (FE) method for several types of PDEs [15]. A
summary of the CINT method and its application to Richards’
equation (1) is included in Appendix A.
3. Experimental setup

While others have previously examined the relationship
between MAP and rooting depth, in this paper we focus on the
effects of simultaneous changes in storm frequency and intensity
on the optimal vertical root distributions. This section specifies cli-
mate and soil properties that were used in the model description
given in the previous section. We use the Kalahari Transect [39]
as an interesting example, but the work is intended to illuminate
the general case of changing precipitation structure in water-
limited ecosystems.
3.1. Affect of precipitation on root depth

For each sampled combination of rain frequency and intensity,
forcing series were generated for eleven year periods. Mean storm
frequency was varied from 0.1 to 0.4 d�1, and mean depth varied
from 8 to 12 mm of precipitation, similar to values reported by
Porporato et al. [23] for a transect of the Kalahari. Storm frequency,
k�, was allowed to vary seasonally,

Fm ¼ :5ð1þ tanhðcosð2pm=12ÞÞ½ �4; ð18Þ
km ¼ k�Fm=F; ð19Þ
k�m ¼minfkm; :99g: ð20Þ

where m indicates the month of year, and k�m is the average storm
frequency for month m. The average depth was also allowed to vary
seasonally,

a�m ¼ a� þ 3:5 tanhðcosð2pm=12þ pÞÞ: ð21Þ

From the eleven year period, the first year was used for ‘spin-up’ to
minimize the effects of the initial conditions. Simulations were then
run over the remaining 10 years for analysis. The soil type used in
these numerical experiments was sandy loam, and the parameters
associated with this soil are given in the following subsection.
Fig. 4. Water stress function b½Seðwð0; tÞÞ� used to approximate the rate of
evaporation.
3.2. Sensitivity to underlying soil type

We also explore the sensitivity of our results to underlying soil
type by obtaining the optimal root profiles for two different soil
types. In these simulations we look at the wet end of the Kalahari,
near Mongu Zambia, with mean storm depth a� ¼ 10:1 mm and
mean arrival time k� ¼ :38 d�1 [23]. The average monthly totals
for this site are plotted in Fig. 5, and are in close agreement with
the monthly averages reported in [23].

The two soil types considered in this work were sandy loam and
sandy clay loam. The parameters associated with these soil types
are found in Table 2.

4. Simulations and results

4.1. Variable storm type

The results of the simulations across storm types are given in
Figs. 6–9. These figures were included in order to give a complete
picture of how the other water fluxes are effected by shifting storm
types. The contour lines in these figures show constant values of
MAP. In Fig. 6 the optimal D50 is shown over the range of values
of k� and a� that were explored. These results indicate that for
low MAP the optimal profile is distributed closer to the surface,
and becomes more deeply distributed as MAP increases, as shown
in [6,16,25,32,37]. This suggest that, for areas with low MAP, plants
compete with evaporation for water. However, as MAP increases,
the roots must compete with evaporation and drainage for mois-
ture and, hence, a deeper distribution becomes advantageous.

The novel contribution of this study is the analysis of how the
optimal root structure may change with the distribution of rainfall,
without requiring a shift in MAP. In these findings we provide a
view of below ground implications for possible changes in a� and
k� [5]. Following any contour line of constant MAP in Fig. 6, we
observe that as frequency decreases and depth increases, deeper
roots are advantageous.

The average yearly transpiration, drainage, and evaporation in
the simulations with optimal root profiles (Fig. 6) are shown in
Figs. 7–9. Change in storage is not included for brevity, as it was
small (on the order of the observed error). These figures show that
transpiration, drainage, and evaporation remain nearly constant
along lines of constant MAP, provided the vegetation is able to
adapt to the new storm frequency and intensity.

4.2. Variable soil type

The results of the simulations over varying soil types are shown
in Figs. 10–12. Fig. 10 shows simulated transpiration as a function
Fig. 5. Average monthly rainfalls generated for a� ¼ 10:1 mm and k� ¼ :38 d�1.



Fig. 6. Optimal value of D50 versus mean storm depth, a� , and mean arrival time, k� .

Fig. 7. Mean annual transpiration as a function of mean storm depth, a� , and mean
arrival time, k� .

Fig. 8. Mean annual drainage as a function of mean storm depth, a� , and mean
arrival time, k� .

Fig. 9. Mean annual evaporation as a function of mean storm depth, a� , and mean
arrival time, k� .

Fig. 10. Mean annual transpiration vs. D50 for each soil type. Note that boxes are
inserted to identify the optimal value for each soil type.

Fig. 11. Mean annual drainage vs. D50 for each soil type.
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of D50 for the two soil types used in this study, where the optimal
D50 has been indicated. Fig. 11 shows the simulated drainage, and
Fig. 12 shows the simulated evaporation. The corresponding opti-
mal profiles for each soil are shown in Fig. 13. We see, as others
have observed (see [6,16,32,37]), that for soils with high conduc-
tivity, the optimal profile is more deeply distributed. This charac-
teristic also agrees with what has been observed in nature [12,29].

5. Discussion

The results in the previous section demonstrate that more well-
drained soils call for more deeply distributed optimal root profiles,
as observed in nature [12,29]. These results are in agreement with
previous work [6,16,25,32,37]. The water balances shown in
Figs. 10–12 suggest that for sandier soils evaporative effects
are not as significant as the effects of gravity, and, thus, a deeper
distribution is optimal.

The results given for optimal profiles (Fig. 6) as a function of
storm intensity and frequency show the dependence of the optimal
profile on mean annual precipitation. These results agree with
what was reported in [29], that root systems tend to be deeper



Fig. 12. Mean annual soil evaporation vs. D50 for each soil type.

Fig. 13. Optimal root profiles for each soil type.
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and narrower in cold and wet climates and more shallowly distrib-
uted in hot, dry climates.

The results shown in Fig. 6 demonstrate that as storms become
less frequent and more intense, the optimal profile has a deeper
distribution. It is interesting to note that the optimal profile
regulates approximately the same water balance for each rainfall
structure, suggesting that in order to maintain current rates of
transpiration, plants may need to adjust rooting strategies in
response to predicted climatic changes [5].

These results raise interesting questions for future studies of
nutrient dynamics, the cost of additional below ground carbon
allocation and inter plant functional type competition.
6. Conclusion

This work further advances the approach of studying optimal
root distributions with a lense on maximizing transpiration use
of soil water for water-limited ecosystems.

The optimal root profiles were identified for a spectrum of
storm types, with mean depths ranging from 8 to 12 mm and mean
frequencies ranging from .1 to .4 d�1. It was shown that the optimal
profile depends, not only on mean annual precipitation, but also on
the storm type. These results suggest that as forcing from green-
house gases result in shifting storm structure [5], plants in water
limited ecosystems will be required to adapt their rooting strate-
gies in order to maintain optimality and water balances. In partic-
ular, if tropical areas see decreased precipitation frequency and
increased intensity, as suggested by [5], then there will be a needed
investment in below ground carbon allocation to push deeper root-
ing systems to maintain optimal water use strategies.

Appendix A. Numerical solution

We have developed a constrained integration (CINT) method
[15] for solving initial boundary value PDEs. The CINT method
combines classical Galerkin methods with a constrained backprop-
ogation (CPROP) training approach in order to constrain the artifi-
cial neural network (ANN) to approximately satisfy the boundary
condition at each stage of integration.

To ease the numerical implementation in the application of the
CINT method to Richards’ equation, particularly near saturation,
the substitution ~wðz; tÞ ¼ log½�wðz; tÞ� was made. This substitution
changes the PDE (1) to

@~w
@t

@h
@w
¼ @

~w
@z

@K
@w

1� expð~wÞ @
~w
@z

" #
þ K

@~w
@z

 !2

þ @
2 ~w
@z2

2
4

3
5þ expð�~wÞS:

ðA:1Þ

Note that the boundary condition at the bottom of the soil profile
given in (17) does not change, as

@w
@z
¼ � expð~wÞ @

~w
@z

ðA:2Þ

implies that the boundary condition for the re-scaled hydraulic
pressure head is

@~w
@z

�����
z¼�400

¼ 0: ðA:3Þ

The depth, z, was rescaled and shifted to ~z,

~z ¼ z=200þ 1; ðA:4Þ

so that ~z 2 ½�1;1�.
As done in Galerkin and pseudo-spectral methods, the re-scaled

hydraulic pressure head, ~wð~z; tÞ, is approximated by the linear com-
bination of basis functions,

~wð~z; tÞ �
XJ

j¼1

/jð~zÞajðtÞ: ðA:5Þ

The boundary condition (A.3) is enforced by setting

a1ðtÞ ¼ �
@/1ð~zÞ
@~z


 ��1XJ

j¼2

@/jð~zÞ
@~z

ajðtÞ
����
~z¼�1

ðA:6Þ

In the above equation, /1ðzÞ is the Gaussian function

/1ðzÞ ¼ exp½�100ðzþ 1:1Þ2�: ðA:7Þ

For PDE problems that do not contain traveling waves, com-
monly used basis functions such as Fourier or Chebyshev polynomi-
als can be used for /jð~zÞ, however, as traveling waves appear in
solutions to (1), piecewise cubic polynomials were found to be more
effective. Letting the domain, ½�1;1� be partitioned into J � 1 equally
spaced subregions ½~zj;~zjþ1�, the functions /jð~zÞ for j ¼ 2; . . . ; J are
piecewise cubic polynomials given in (A.8), where h ¼ ~zjþ1 � ~zj.

To solve Richards’ equation, the right hand side of (A.6) is
substituted into (A.5), giving an approximate solution that satisfies
the boundary condition at the bottom of the soil profile. This
approximate solution is then substituted into (A.1), and evaluated
at collocation points within the domain ½�1;1�, resulting in a sys-
tem of ordinary differential equations (ODEs). This system of ODEs
is then integrated to obtain an approximate solution to (A.1). In
this work, the integration algorithm of choice was Matlab’s ODE15s
[31]. At each integration time step, tj, the approximate solution
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was re-constructed at the collocation points by evaluating (A.5).
The approximate solution was then adjusted at the soil surface
so as to satisfy the boundary condition (15), using fixed point iter-
ations to deal with the nonlinearity in the condition.

/j ¼
1

h3

ð~z� ~zj�2Þ3; if z 2 ½~zj�2;~zj�1�
h3 þ 3h2ð~z� ~zj�1Þ þ 3hð~z� ~zj�1Þ2 � 3ð~z� ~zj�1Þ3; if ~z 2 ½~zj�1;~zj�
h3 þ 3h2ðzjþ1 � zÞ þ 3hð~zjþ1 � ~zÞ2 � 3ð~zj�1 � ~zÞ3; if ~z 2 ½~zj;~zjþ1�
ð~zjþ2 � ~zÞ3; if ~z 2 ½~zjþ1;~zjþ2�
0; otherwise

8>>>>>>><
>>>>>>>:

ðA:8Þ
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